Let L be a linear set of pseudoregulus type in a line ℓ in Σ * = PG(t − 1, q t ), t = 5 or t > 6. We provide examples of q-order canonical subgeometries Σ 1 , Σ 2 ⊂ Σ * such that there is a (t − 3)-space Γ ⊂ Σ * \ (Σ 1 ∪Σ 2 ∪ℓ) with the property that for i = 1, 2, L is the projection of Σ i from center Γ and there exists no collineation φ of Σ * such that Γ φ = Γ and Σ φ 1 = Σ 2 . Condition (ii) given in Theorem 3 in Lavrauw and Van de Voorde (Des. Codes Cryptogr. 56:89-104, 2010) states the existence of a collineation between the projecting configurations (each of them consisting of a center and a subgeometry), which give rise by means of projections to two linear sets. It follows from our examples that this condition is not necessary for the equivalence of two linear sets as stated there. We characterize the linear sets for which the condition above is actually necessary.
Introduction
If V is a vector space over the finite field F q t , then PG q t (V ) denotes the projective space whose points are the one-dimensional F q t -subspaces of V . If V has dimension n over F q t , then PG q t (V ) = PG(n−1, q t ). For a point set T ⊂ PG(n − 1, q t ) we denote by T the projective subspace of PG(n − 1, q t ) spanned by the points in T . For m | t and a set of elements S ⊂ V we denote by S q m the F q m -vector subspace of V spanned by the vectors in S. For the rest of the paper we assume that q = p e is a power of the prime p.
Let R = F r q t . The field reduction map F r,t,q is a map from the points of PG q t (R) = PG(r − 1, q t ) to the (t − 1)-subspaces of PG q (R) = PG(rt − 1, q). Let P = PG q t (T ) be a point of PG(r − 1, q t ), where T is a one-dimensional F q t -subspace of R. Then F r,t,q (P ) := PG q (T ). As dim Fq (T ) = t, it follows that F r,t,q (P ) is a (t − 1)-dimensional subspace of PG(rt − 1, q). Denote the point set of PG(r − 1, q t ) by P. Then F r,t,q (P) is a Desarguesian (t − 1)-spread of PG(rt − 1, q) [12] . Let S be a subspace of PG(rt − 1, q) = PG q (R), then B(S) := {P ∈ PG(r − 1, q t ) : F r,t,q (P ) ∩ S = ∅}.
When S is an F q -vector space of R, then we define B(S) analogously. A point set L ⊆ PG(r − 1, q t ) is said to be F q -linear (or just linear ) of rank n if L = B(S) for some (n − 1)-subspace S ⊆ PG(rt − 1, q).
Definition 1.1. Let PG q t (V ) = PG(n − 1, q t ) and let W be an F q -vector subspace of V . If dim Fq (W ) = dim F q t (V ) = n and W q t = V , then Σ ′ = { w q t : w ∈ W * } is a canonical subgeometry of PG q t (V ).
Let Σ ′ ∼ = PG(n − 1, q) be a canonical subgeometry of Σ * = PG(n − 1, q t ). Let Γ ⊂ Σ * \ Σ ′ be an (n − 1 − r)-space and let Λ ⊂ Σ * \ Γ be an (r − 1)-space of Σ * . The projection of Σ ′ from center Γ to axis Λ is the point set L = p Γ, Λ (Σ ′ ) := { Γ, P ∩ Λ : P ∈ Σ ′ }.
In [14] Lunardon and Polverino characterized linear sets as projections of canonical subgeometries. They proved the following.
Theorem 1.2 ([14, Theorems 1 and 2])
. Let Σ * , Σ ′ , Λ, Γ and L = p Γ, Λ (Σ ′ ) be defined as above. Then L is an F q -linear set of rank n and L = Λ. Conversely, if L is an F q -linear set of rank n of Λ = PG(r − 1, q t ) ⊂ Σ * and L = Λ, then there is an (n − 1− r)-space Γ disjoint from Λ and a canonical subgeometry
L is a canonical subgeometry. We rephrase here a theorem by Lavrauw and Van de Voorde.
Theorem 1.3 ([6, Theorem 3]
). For i = 1, 2, let Σ i ∼ = PG(n − 1, q) be two canonical subgeometries of Σ * = PG(n − 1, q t ) and let Γ i be two (n − 1 − r)-
Suppose that L i is not an F q -linear set of rank k < n. Then the following statements are equivalent.
(i) There exists a collineation α :
(ii) there exists a collineation β of Σ * such that Σ 1 β = Σ 2 and
We are going to prove that the implication (i) ⇒ (ii) does not hold. In Sections 3 and 4, we will show this in the case when L 1 = L 2 is a linear set of pseudoregulus type in PG(1, q n ), for n = 5 or n > 6.
In Section 4.5 a characterization will be given of the linear sets for which (i) ⇒ (ii) holds.
Linear sets of pseudoregulus type in a projective line
A family of scattered F q -linear sets of rank tm of PG(2m − 1, q t ), called of pseudoregulus type, have been introduced in [15] for m = 2 and t = 3, further generalized in [7] for m ≥ 2 and t = 3 and finally in [13] for m ≥ 1 and t ≥ 2 (for t = 2 they are the same as Baer subgeometries isomorphic to PG(2m − 1, q), see [13, Remark 3.4] ). We will only consider linear sets of pseudoregulus type in PG(1, q t ). It has been proved in [13, Section 4] and in [3, Remark 2.2] that all linear sets of pseudoregulus type in PG(1, q t ) are PGL(2, q t )-equivalent and hence we can define them as follows.
Definition 2.2. Let t ≥ 2 be an integer and let π be a permutation of N t−1 := {0, 1, 2, . . . , t − 1}. We define Σ π as the following set of points in
Proposition 2.3. Consider F q t as a vector space over F q and let Σ = PG q (F q t ) ∼ = PG(t−1, q). Let π be a permutation of N t−1 . Then the following statements hold.
) is a vector space isomorphism.
3. Σ π = PG(t − 1, q t ).
The map
is a collineation.
Proof. 1. and 2. are trivial, and 1., 2., 3. together imply 4., so it is enough to show 3. Let α 1 , α 2 , . . . , α t ∈ F q t and denote by M π the t × t matrix over F q t whose j-th row is φ ′ π (α j ) for j = 1, 2, . . . , t. According to [11, Lemma 3 .51], det(M id ) = 0 if and only if α 1 , α 2 , . . . , α t are linearly independent over F q . As M π can be obtained by permuting the columns of M id , it follows that det(M π ) = 0 if and only if det(M id ) = 0. As dim Fq (F q t ) = t, it follows that dim F q t (S π ) = t and hence 3. follows.
Let Σ * = PG(t − 1, q t ), and denote the coordinates in Σ * by X 1 , X 2 , . . . , X t . Let Λ ∼ = PG(1, q t ) be the line X 3 = . . . = X t = 0 and let Γ ∼ = PG(t−3, q t ) be the (t−3)-space X 1 = X 2 = 0 in Σ * . Let π be a permutation of N t−1 , it is easy to see that if gcd(π(1) − π(0), t) = 1, then p Γ, Λ (Σ π ) = L, see for example [13, Remark 4.2] . If φ is a collineation of Σ * such that Σ
id (see (4) ) is a collineation of Σ. To study the action of φ we need some results regarding the Θ s map defined in the next section.
The Θ s map
As before, let Σ denote the PG(t − 1, q) associated to F q t . In Section 4 we show the following. If φ is a collineation such that Σ φ id = Σ π and Γ φ = Γ, then φ = Θ s Ω for some collineation Ω and integer 0 ≤ s < t. Note that Θ 0 is the identity. In Corollary 3.5 we prove that Θ s , with 0 < s < t, is not a collineation of PG(t − 1, q). It will follow that in most cases φ is not a collineation and hence such φ cannot exist.
To determine whether Θ s is a collineation or not we need some results regarding difference sets. A (v, k, λ)-difference set is a k-subset D of a group G of order v such that the list of non-zero differences (if the group is written additively) contains each non-zero group element exactly λ times. If the group is cyclic etc., then we say that the difference set is cyclic etc. For our purposes here, it is enough to consider cyclic difference sets, so from now on we assume that G is cyclic. Let D be a (v, k, λ)-difference set of G and let j be an integer. By D + j and jD we mean {d + j : d ∈ D} modulo v and . Let α be a generator of the multiplicative group of F q t , t ≥ 3. The set of integers D := {i : 0 ≤ i < θ t−1 , Tr(α i ) = 0} modulo θ t−1 forms a (cyclic) difference set in Z θ t−1 (written additively), with parameters (θ t−1 , θ t−2 , θ t−3 ). The set of points of PG q (F q t ) ∼ = PG(t − 1, q) which corresponds to the set D, i. e. the point set H D := { α i q : i ∈ D}, is a hyperplane of PG(t−1, q). Moreover, the hyperplanes of PG(t−1, q) are the sets H D+j , where 0 ≤ j < θ t−1 .
The difference sets constructed in Theorem 3.3 are called classical Singer difference sets. The next theorem describes the multipliers of these difference sets. For a subset X ⊆ Σ and an integer m, let X m = { x m q : x q ∈ X }. Corollary 3.5. Let t ≥ 3 and m be two integers. The Σ → Σ map, x q → x m q is a collineation if and only if m ≡ p h (mod θ t−1 ), for some h ∈ N.
Proof. The map x q → x m q is a collineation if and only if it maps hyperplanes into hyperplanes. Let H D+j be any hyperplane of Σ (see Theorem 3.3). Then H m D+j = { α mi q : i ∈ D + j} is a hyperplane if and only if {mi : i ∈ D + j} = mD + mj is a translate of D, i.e when mD + mj = D + k for some k and hence mD = D + g (with g = k − mj), which is equivalent to say that m is a multiplier of D. The assertion follows from Theorem 3.4.
Corollary 3.6. Let t ≥ 3. For 0 < s < t the map Θ s is not a collineation.
Proof. According to Corollary 3.5, it is enough to show that there is no integer h with θ s ≡ p h (mod θ t−1 ). Note that q t = (q − 1)θ t−1 + 1, thus p 0 ≡ q t ≡ 1 (mod θ t−1 ). It is therefore enough to show the assertion when p h < q t . Suppose, contrary to our claim, that θ s ≡ p h (mod θ t−1 ) for some
If p h = 1 or p h = θ t−1 , then s = 0 or t = 1, respectively. In either case, it is a contradiction. If 1 < p h < θ t−1 , then p h = θ s , which cannot be as p does not divide θ s . So we may assume
On the other hand we have 1 < q t /p h . As s = t − 1 would yield t = 1, which is a contradiction, it follows that s ≤ t − 2 and hence
contrary to (5).
Proposition 3.7. For 0 ≤ s < t, the map x q → x −θs q is the composition of Θ t−s−2 and a projectivity of Σ.
Proof. For each x ∈ F * q t we have x θ t−1 ∈ F * q , thus
As x q → x q h q is a projectivity for each h, the assertion follows.
Linear sets obtained via non-equivalent projections
Definition 4.1. For an integer h let Φ h denote the collineation of Σ * = PG(t − 1, q t ), defined as
Proof. For each α ∈ F * q t we have
where β = α p h . Proposition 4.3. Let π be a permutation of N t−1 and let ω be the permutation defined such that
Proof. Let h = −π(0)e, where q = p e , p prime. It is easy to see that Φ h (Σ π ) = Σ ω . As Φ h fixes Σ π the assertion follows.
If φ is a projectivity of Σ * and π is a permutation
Proof. Let M = (m ij ) 1≤i,j≤t ∈ GL(t, q t ) be a matrix associated with φ. As φ fixes Γ, we have m ij = 0 when i = 1, 2 and 3 ≤ j ≤ t. Denote the 2 × 2 matrix (m ij ) 1≤i,j≤2 by A. As M is non-singular, the same holds for A. Let 1 ≤ µ ≤ t − 1 be the unique integer such that π(1) − π(0) ≡ µ (mod t).
According to Proposition 4.3 we may assume π(0) = 0. As Σ φ id = Σ π , for each α ∈ F * q t there exist δ α , t α ∈ F q t such that
Let N denote the norm function from 
The coefficient of z q+1 is
As P (z) vanishes for each z with z θ t−1 = 1, we have P (z) = a(z θ t−1 − 1) for some a ∈ F q t . It follows that (8) and (9) 
As before, it follows that (10) is zero. Together with m 11 m 21 = 0, it means that m 11 and m 21 are both zero, and hence det(A) = 0, a contradiction. First we consider the case when A is diagonal, i.e. m 12 = m 21 = 0. We may assume m 11 = 1. Then (6) and (7) yield
A ρ ∈ F * q n exists such that ρ q−1 = m 22 , then
for some c, where c q−1 = 1 and hence c ∈ F * q . It follows that for any x ∈ F * q t
and hence φ π φ −1 φ −1 id : Σ → Σ which maps x q to x θ µ−1 /ρ q is a collineation. Corollary 3.6 yields that this happens only if µ = 1. Now consider the case when m 11 = m 22 = 0. We may assume m 12 = 1. Then (6) and (7) yield t
Fix ρ ∈ F * q t such that ρ q−1 = m 21 , then
for some c, where c q−1 = 1 and hence c ∈ F * q . It follows that
and hence φ π φ −1 φ −1 id : Σ → Σ which maps x q to x −θ µ−1 ρ q is a collineation. Proposition 3.7 and Corollary 3.6 yield that this happens only if µ = t − 1.
Proof. According to the Fundamental Theorem of Projective Geometry we may assume φ = Φ h Ω, where Ω is a projectivity and Φ h is as in Definition 4.2. As Φ h fixes Γ and Σ id , it follows that Ω satisfies the conditions of Lemma 4.4 and hence the assertion follows.
Corollary 4.6. If t = 5 or t > 6, then any linear set of pseudoregulus type in PG(1, q t ) can be obtained as the projection of two different subgeometries,
, from a center Γ ∼ = PG(t − 3, q t ) to an axis Λ ∼ = PG(1, q t ) in the ambient space Σ * = PG(t − 1, q t ), such that there exists no collineation φ of Σ * with Γ φ = Γ and Σ
Proof. Let Λ be the line X 3 = . . . = X t = 0 and let Γ be the (t − 3)-space X 1 = X 2 = 0 in Σ * . As t = 5 or t > 6, it is easy to see that ϕ(t) ≥ 3, where ϕ is the Euler function. Thus we may choose a permutation π of N t−1 such that gcd(π(1) − π(0), t) = 1 and π(1) − π(0) / ∈ {−1, 1}. Let Σ 1 = Σ id and Note that L is not a linear set of rank k < t, thus (i) ⇒ (ii) in Theorem 1.3 cannot hold without further conditions.
Equivalence of linear sets
We say that the pair (L, n), where L is a linear set of rank n in PG(r − 1, q t ), satisfies condition (A), if the following holds.
(A) For any two (n − 1)-subspaces U, U ′ ⊂ PG(rt − 1, q), such that B(U ) = L = B(U ′ ), a collineation γ ∈ PΓL(rt, q) exists, such that U γ = U ′ , γ preserves the Desarguesian spread F r,t,q (P), and the induced map on PG(r, q t ) is a collineation (which will again be denoted by γ).
In the next theorem we follow the proof of [2, Theorem 2.4] by Bonoli and Polverino.
Theorem 5.1. For i = 1, 2, let Σ i ∼ = PG(n − 1, q) be two canonical subgeometries of Σ * = PG(n − 1, q t ) and let Γ i be two
, where (i) and (ii) are the conditions stated in Theorem 1.3.
Proof. The collineation α can be extended to an element α ∈ PΓL(n,
Hence it is sufficient to prove the existence of a collineation φ ∈ PΓL(n, q t ) such that Γ So it is enough to prove the assertion when
. As (L, n) satisfies condition (A), it follows that there exists a non-singular
The map γ ′ can be extended to a non-singular semilinear map γ : F n q t → F n q t such that Z γ = Z. Then for each vector v ∈ F n q t and µ ∈ F q t we have (µv) γ = µ p k v γ for some integer k. Of course R γ = R γ ′ = R, thus we have V 2 + Z = V γ 1 + Z = (V 1 + Z) γ , and hence for each i = 1, 2, . . . , n, v
As on the left-hand side the v γ i s are F q -independent, it follows that either λ i = 0 for i = 1, 2, . . . , n, or there is a non-zero vector z ∈ V γ 1 ∩ Z. The map γ fixes Z and hence in the latter Theorem 5.4. If L is a linear set of rank n in Λ = PG(r − 1, q t ), L = PG(r − 1, q t ) and (L, n) does not satisfy (A), then in PG(n − 1, q t ) ⊃ Λ there are a subspace Γ = Γ 1 = Γ 2 disjoint with Λ, and two q-order canonical subgeometries
, and such that condition (ii) in Theorem 1.3 does not hold.
Proof. Let U 1 and U 2 be two (n − 1)-subspaces of PG q (R), where R is an r-dimensional F q t -subspace of F n q t , and Λ = PG q t (R). Assume that
n q , i = 1, 2, be the ndimensional vector F q -subspaces of R whose associated projective subspaces in PG(rt − 1, q) are U 1 and U 2 , respectively. From L = PG(r − 1, q t ) we may assume that w r are F q t -linearly independent, and also that w (2) 1 , w (2) 2 , . . . , w (2) r are F q t -linearly independent. Let Γ be an (n−r−1)-space in PG(n − 1, q t ) disjoint with PG(r − 1, q t ), associated with the vector subspace Z = z 1 , z 2 , . . . , z n−r q t . For i = 1, 2, let Σ i be the F q -linear set defined by the following F q -subspace of F n q t :
Since those n vectors of F n q t are also F q t -linearly independent, Σ i is a canonical q-order subgeometry. Furthermore, w
n , z 1 , z 2 , . . ., z n−r are F q -linearly independent, and this implies Σ i ∩Γ = ∅. We summarize here some properties of our construction, which we will use later. For i = 1, 2 we have the following.
1. For each w ∈ W i , there exists a unique z w ∈ Z such that w + z w ∈ V i , 2. if w and w ′ are two F q -independent vectors in W i , then w + z w and
j for some a j s in F q , then let z w = n j=r+1 α j z j−r . The unicity of z w follows from Σ i ∩ Γ = ∅. To see 2., note that Ψ i : U i → Σ i : w q → w + z w q t is a bijection, as |U i | = |Σ i | = θ n−1 . Now assume that condition (ii) in Theorem 1.3 holds. Let β ′ : F n q t → F n q t be the semilinear map associated with the collineation β; so, an integer ν exists such that for any a ∈ F q t and v ∈ F n q t there holds (av
Denote by π the canonical projection from Z ⊕ R to R. Fix an element w ∈ W 1 . Then 1. and the condition Σ β 1 = Σ 2 imply the existence of z w ∈ Z and λ ∈ F * q t such that
We are going to show that W 1 = W λ . Suppose to the contrary that there exists w ′ ∈ W 1 \ W λ . As W λ is an F q -vector space, w and w ′ are F q -independent. The same argument as above yields the existence of z w ′ ∈ Z and µ ∈ F * q t such that ξ µ := µ(w ′ + z w ′ ) β ′ ∈ V 2 and hence µw ′β ′ π ∈ W 2 . Then 2. yields that w + z w q t and w ′ + z w ′ q t are distinct points of Σ 1 , and hence ξ λ q t and ξ µ q t are distinct points of Σ 2 . First we prove
Denote by X de left hand side of (11) . The inclusion ⊇ trivially holds. Suppose to the contrary dim Fq (X) ≥ 3, then there exist three F q -independent vectors, v 1 , v 2 , v 3 ∈ X. We can extend the set {v 1 , v 2 , v 3 } to a basis of V 2 . As dim F q t ( v 1 , v 2 , v 3 q t ) = 2, it follows that V 2 q t = F n q t , a contradiction since Σ 2 is a canonical subgeometry.
Let P 1 = w+z w q t and P 2 = w ′ +z w ′ q t . Denote by ℓ the q-order subline
It follows that there exists δ ∈ F * q t such that δ(ξ λ + λµ −1 ξ µ ) ∈ V 2 . It follows from (11) that δ ∈ F * q and δλµ −1 ∈ F * q . Hence λµ −1 ∈ F * q . This is a contradiction, as in this case (λµ −1 )µw ′β ′ π = λw ′β ′ π ∈ W 2 , contradicting the choice of w ′ . Hence W λ = W 1 , that is, λw β ′ π ∈ W 2 for any w ∈ W 1 . Now define the map ϕ ′ : R → R : v → λv β ′ π . As β ′ is semilinear, π is linear and v → λv is also linear, it follows that ϕ ′ is F q t -semilinear. Also, ϕ ′ is non-singular. Let ϕ be the associated collineation of Λ. Then
We have constructed an example for which, if condition (ii) in Theorem 1.3 is satisfied, then also condition (A) must be satisfied: this concludes the proof.
Scattered linear sets of pseudoregulus type in a line are, under the field reduction map, embeddings of minimum dimension of PG(t − 1, q) × PG(t − 1, q), which have been studied in [5] . These embeddings are projections of Segre varieties. A similar representation of the clubs as projections of Segre varieties can be found in [9] , see also [8] . By [5, Theorem 16] , (L, t) do not fulfill condition (A), for t = 5 or t > 6, where L is the scattered linear sets of pseudoregulus type in PG(1, q t ). By Theorem 5.4 this yields the counterexamples as shown in the previous sections. Many results in [6] are on linear sets in PG (1, q 3 ) ; hence, the following result can be of interest:
Proposition 5.5. Condition (A) is fulfilled by linear sets of rank three in PG(1, q 3 ), q > 2, for n = 3.
Proof. A linear set L of rank three in PG(1, q 3 ) is either a point, or a club, or a scattered linear set.
If L is a point, then from
one obtains U = U ′ = F 2,3,q (L). This implies (A). Assume now that L is a club. Denote by H its head, which is uniquely defined [4, 6] . Assume that the subspaces U and U ′ satisfy (12) . An element ρ ∈ F * q 3 exists, such that the collineation γ : (v 0 , v 1 ) q → ρ(v 0 , v 1 ) q of PG(5, q) satisfies U γ ∩ U ′ \ F 2,3,q (H) = ∅. The element of PΓL(2, q 3 ) associated with γ is the identity map. Let X be a point of U γ ∩ U ′ \ F 2,3,q (H), and let ℓ ′ be a line in U ′ through X. The club L does not contain irregular sublines [6, Cor. 13] , [4, Prop. 5] . Applying this result to the q-order subline B(ℓ ′ ), we have that a line ℓ in U γ exists such that B(ℓ) = B(ℓ ′ ). The point X is on ℓ. The lines ℓ, ℓ ′ of PG(5, q) are transversal lines to the regulus F 2,3,q (B(ℓ)), having a common point, whence ℓ = ℓ ′ . This implies U γ = U ′ and (A).
Up to projectivities there is a unique scattered linear set in PG(1, q 3 ). This is stated in [6, Theorem 5 ]. An alternate proof can be obtained from [1] , where the uniqueness of an exterior splash is proved, taking into account that the exterior splashes dealt with in that paper are precisely the scattered linear sets of rank three [10] .
Assume that L is a scattered linear set of rank three, hence a linear set of pseudoregulus type, and that (12) holds. Then U and U ′ are planes contained in the hypersurface Q 2,q defined in [5, eqs. (7), (8)]. By [5, Cor. 10] , U = S h,k , U ′ = S h ′ ,k ′ for h ∈ {1, 2}, N (k) = N (k ′ ) = 1. A collineation γ satisfying (A) can be obtained in the form ϕ 0,0 (a, b) if h = h ′ , and ψ 0,0 (a, b) if h = h ′ , for suitable a, b ∈ F q 3 .
